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Abstract. In this paper we obtain a sharp height estimate concerning 
compact hypersurfaces immersed into warped product spaces with some 
constant higher order mean curvature, and whose boundary is contained 
into a slice. We apply these results to draw topological conclusions at 
the end of the paper. 



1. Introduction 

In recent years height estimates for constant mean curvature graphs have 
been studied by several authors, since they are intimately related to im- 
portant properties of the geometry of submanifolds. The first result in this 
direction is due by Heinz [12] who proved that a compact graph of positive 
constant mean curvature H in Euclidean 3-space with boundary on a plane 
can reach at most height 1/H from the plane. More recently an optimal 
bound was also obtained for compact graphs and also for compact embed- 
ded surfaces with constant mean curvature and boundary on a plane in the 
3-dimensional hyperbolic space by N. Korevaar, R. Kusner, W. Meeks and 
B. Solomon [Hj. In the case of a Riemannian product KxP 2 , with P 2 any 
Riemannian surface, height estimates were exhibited by Hoffman, de Lira 
and Rosenberg in |13| and by Aledo, Espinar and Galvez in pQ. 

The natural generalization of the mean curvature for an n-dimensional 
hypersurface are the A;- mean curvatures H^, k = 1, ... , n, that are defined 
via the elementary symmetric functions of the principal curvatures of the im- 
mersion. Therefore, it is natural to extend the previous results to the case of 
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constant higher order mean curvature. This was done first by Rosenberg in 
[16j . where he proved estimates for the height function of compact hypersur- 
faces with positive constant fc-mean curvature embedded either into the 
Euclidean or the Hyperbolic space. Later, the same author and Cheng, [7], 
found height estimates for compact vertical graphs with positive constant 
/c-mean curvature in the product manifold RxP and boundary on a slice, 
that is, on a submanifold of the form P r = {r} x P for some r£t. Finally, 
Alias and Dajczer in [3] gave height estimates in the case of compact hyper- 
surfaces of positive constant mean curvature immersed into general warped 
product spaces and boundary on a slice, generalizing for k = 1, the previous 
results obtained by Cheng and Rosenberg. Our aim is to complete the pic- 
ture described above extending the results of Alias and Dajczer to the case 
of compact hypersurfaces of constant positive /c-mean curvature, 2 < k < n, 
in warped product spaces. 

We finally observe that, in [7] height estimates were used to obtain geo- 
metric properties of properly embedded hypersurfaces without boundary. 
More precisely, Cheng and Rosenberg proved that a hypersurface of con- 
stant /c-mean curvature properly embedded in a product RxP, where P is 
a compact manifold with non-negative sectional curvature, has at least two 
ends, or, equivalently, it can not lie in a half-space. In this circle of ideas in 
the last part of this paper, we apply our height estimates in order to prove 
non-existence results for properly immersed complete hypersurfaces without 
boundary in pseudo-hyperbolic spaces contained in a half-space. 



Let /:£—>■ M n+ be a connected hypersurface isometrically immersed 
into the Riemannian manifold M n+ . Let A denote the second fundamental 
form of the immersion with respect to a (locally defined) normal vector field 
N. Its eigenvalues, Ki, . . . , K n , are the principal curvatures of the hyper- 
surface (in the direction of N). Their elementary symmetric functions Sk, 
k = 0, ...,n, Sq = 1, define the /c-mean curvatures of the immersion via the 
formula 



Thus Hi = H is the mean curvature, H n is the Gauss-Kronecker curvature 
and H2 is, when the ambient space is Einstein, a multiple of the scalar 
curvature up to an additive constant. 

The Newton tensors associated to the immersion are inductively defined 
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For further use note that TrPk = (n — k)Sk and TrAPk = (k + l)Sk+i- 
In the sequel, we will need the operators P& to be globally defined on TT. 
Obviously, the second fundamental form A depends on the chosen local unit 
field N. However, when k is even the sign of Sk (and hence Hk) does 
not depend on the chosen N which, by its very definition, implies that the 
operator Pk is a globally defined tensor field on TT. On the other hand, 
when k is odd in order to have Pk globally defined, we need to assume that 
T is two-sided. Recall that a hypersurface /:£—>• M n+1 is called two-sided 
if its normal bundle is trivial, i.e. there exists a globally defined unit normal 
vector field iV on E. For instance, every hypersurface with never vanishing 
mean curvature is trivially two-sided. In this last case, a choice of N on T 
makes the second fundamental form A and its associated Newton tensors P& 
globally defined tensor fields on TT,. 

Let V stand for the Levi-Civita connection of T. For a given function 
u 6 C 2 (T), we denote by hess u : TT — > TT, the symmetric operator given by 
hessu(X) = V x Vn for every X £ TT, and by Hessu : TT x TT -> C°°(S) 
the metrically equivalent bilinear form given by 

Ress u(X,Y) = (hess u(X),Y). 

Associated to each globally defined Newton tensor Pk : TT — > TT, we 
consider the second order differential operator Lk : C°°(T) — > C°°(T) given 
by Lk = Tr(Pfc o hess). In particular, Lq is the Laplace-Beltrami operator 
A. Observe that 

L k (u) = dw(P k Vu) - (divP fc , Vu), 

where divP^ = TrVPfc- This implies that Lk is elliptic if and only if Pk is 
positive definite and in this case the maximum principle holds for Lk- See 
for instance Theorem 3.1 in [11] . 

Note that the ellipticity of the operator L\ is guaranteed by the assump- 
tion H2 > 0. Indeed, if this happens the mean curvature does not vanish 
on T because of the basic inequality Hf > H2- Therefore, the immersion is 
two-sided and we can choose the normal unit vector N on T so that H\ > 0. 
Furthermore, indicating with kj the eigenvalues of A, 

it 

for every i = 1, . . . ,n, and then the eigenvalues of Pi say /Ui^, satisfy = 
nHi — Ki > for every i (see, for instance, Lemma 3.10 in [8j). This shows 
ellipticity of L\. Regarding the ellipticity of Lj when j > 2, we assume 
the existence of an elliptic point in T, that is, a point at which the second 
fundamental form A is positive definite with respect to an appropriate choice 
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of N. The existence of an elliptic point implies that Hk is positive at that 
point, and applying Garding inequalities [1Q], we have 

(1) #i > h] 12 > ■ ■ ■> H^- X) > Hl /k > 0, 

with equality at any stage only for an umbilical point. Therefore, in case 
is constant, the immersion is two-sided and H\ > for the chosen orientation. 
Moreover, in this case, the operators Lj for every 1 < j < k — 1 are elliptic or, 
equivalently, the operators Pj are positive definite (see [H Proposition 3.2]). 
Observe that the existence of an elliptic point is not guaranteed, in general, 
even in the compact case. For instance, it is clear that totally geodesic 
spheres and Clifford tori in § n+1 are examples of compact isoparametric 
hypersurfaces without elliptic points. On the contrary, it is not difficult 
to see that every compact hypersurface in an open hemisphere has elliptic 
points (see the proof of Theorem 11.1 in [2]). 

In what follows, we consider the case when the ambient space is a warped 
product M n+l = Ix p ¥ n , where ICR is an open interval, P™ is a complete 
n-dimensional Riemannian manifold and p : I — > is a smooth function. 
The product manifold / x P n is endowed with the Riemannian metric 

(,)=vrKdt 2 )+ /) 2 (vr / )4((,) P ). 

Here 717 and 7rp denote the projections onto the corresponding factor and 
(, )p is the Riemannian metric on P™. In particular, M n+1 = I x p P n is 
complete if and only if I = R. We also observe that each leaf Pt = {t} x P" 
of the foliation t — > Ft of M n+1 is a complete totally umbilical hypersurface 
with constant fc-mean curvature 




< k < n, 



with respect to the unit normal T = —d/dt. 

Let /:£—>■ M n+l = I x p P n be an isometrically immersed hypersurface. 
We define the height function h G C°°(S) by setting h = 717 o f. In this 
context and following the terminology introduced in [2] , we will say that the 
hypersurface is contained in a slab if /(£) lies between two leaves ¥f 1 ,¥t 2 
with t\ < t2 of the foliation. Finally, we define the angle function O : X — > 
[-1,1] by 

= (N, T) . 

It is useful to recall that ||V/i|| 2 = 1 — O 2 . Furthermore we observe that if 
/ is locally a graph over P" (that is, transversal to T) then either O < or 
O > along /. Thus, the assumption that O has constant sign is generally 
weaker than that of / being a local graph. This assumption will be used in 
many of the results below. 
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We conclude this section stating a computational result that will be useful 
in order to prove our main theorems. For a proof see Proposition 6 and 
Lemma 27 in [5]. 

Lemma 1. Let /:£—>■ M n+1 = I x p F n be an isometric immersion into a 
warped product space and let h be the height function, 
(i) Define 

a(t) = / p(u)du. 



J t 

Then 

(2) Ressh(X,Y) = H(h)({X,Y) - (Vh, X)(Vh, Y}) + Q(AX, Y), 
for each pair of vector fields X and Y on TE, 

(3) L k h = H(h)(c k H k - (P k Vh,Vh)) + c k @H k+1 , 
and 

(4) L k a{h) = c k p(h)(H(h)H k + &H k+1 ), 
where c k = (n - fc)(£) = (k + l)( k n +1 ), U(t) = p'(t)/p{t). 

{ii) Let © = pQ. Then 

L k e = - ( k ™\(h)(Vh,VH k+1 ) - p'(h)c k H k+1 

- eH'(h)(\\Vhfc k H k - (P k Vh,Vh)) - - 



- ® U + i) ( nH ^ H k+i ~(n-k- l)H k+2 ), 

where 

n 

Pk = y~] fJ'k.iKjpjirw^Ei, ir^N^Tr^Ei A7rp*iV|| 2 . 
i=i 

Here denotes the sectional curvature of P and the p k) i 's stand 
for the eigenvalues of P k with respect to a local orthonormal frame 
{E\, . . . ,E n } diagonalizing A (and hence P k ). 

3. Height estimates in warped products and pseudo-hyperbolic 

SPACES 

The aim of this section is to prove height estimates for compact hyper- 
surfaces in warped product spaces with boundary contained in a slice. We 
begin by introducing a well-known tangency principle due to Fontenele and 
Silva [9j. We recall first the following definition taken from [9]. 
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Definition 2. Let Si and S2 be hypersurfaces of M n+ that are tangent at 
p, i.e. which satisfy T p Si = T P S2- Fix a unitary vector r]o normal to Si at 
p. We say that Si remains above S2 in a neighbourhood of p with respect to 
rjo if, when we parametrize Sj ; j = 1,2, on a small neighbourhood Wj of 
in T p T,j by 

ipj{x) = exp p (x + i2j(x)r]o), 
for some smooth function /J,j : Wj — > R satisfying fJ,j(Q) = 0, the functions 
fj,j satisfy Hi{x) > ^(x) in a sufficiently small neighbourhood of G T p Si. 

Observe that the fact that Si lies above S2 in a neighbourhood of a 
point p is equivalent to requiring that the geodesies of M that are normal 
to the hypersurface which is totally geodesic at p (namely exp p (W)), in a 
neighbourhood of p intercept S2 before Si. 

For hypersurfaces, Fontenele and Silva [9] proved the following tangency 
principle 

Theorem 3 (Theorem 1.1 in [9]). Let the hypersurfaces Si and S2 of M n+1 
be tangent at an interior point p and let t]q be a unitary vector that is normal 
to Si at p. Suppose that Si remains above S2 in a neighbourhood of p with 
respect to Denote by H k 1 and H k 2 the k-mean curvatures of Si and S2, 
respectively. Assume that for some k, 1 < k < n, we have > in 
a neighbourhood of zero and, if k > 2, that A S2 (0), the principal curvature 
vector of S2 at zero, belongs to T^, that is to the connected component in 
M n of the set {S^ > 0} containing (1, . . . , 1). Then Si and S2 coincide in a 
neighbourhood of p. 

Note that if there exists an elliptic point of S2 and H^ 2 is constant, the 
assumption A E2 (0) G is automatically satisfied. 

Theorem [3] enable us to extend Proposition 3.7 in [3] to the case of hyper- 
surfaces with constant /c-mean curvature, for any 1 < k < n. 

Proposition 4. Let / : S — >• R XpP™ be a compact constant k-mean cur- 
vature hypersurface, 1 < k < n, with boundary /(5S) C P r for some r G R 
Then the following holds: 

(i) If H k < mf [T<+oo) H k and H(t) > 0, W > on [r, +00) for k > 2, 
then h < t; 

(ii) If Hk > sup^^ T ] Hk and either H2 > or there exists an elliptic 
point of S when k > 3 then h > r. 

Proof. Let us prove (i) first. Assume that < infj rj+00 ) T-L k , but that h < r 
is false. Then, by compactness of S, there exists a point po G S where h 
attains its maximum, that is 

max/i = h(po) = tq 
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and 

r < T Q . 

We consider Si = S and E2 = P ro - Note that Si 7^ E2, Si and E2 are 
tangent at the common point po and Si remains above S2 with respect to 
the normal t]q = — T at pq. Since 

=H k < inf U k < (H(T )) k = H^. 

[r,+oo) 

Furthermore, at To, because of the assumptions on %, %{tq) > 0, so that po 
is an elliptic point for S2. We thus conclude using Theorem [3] that Si and 
S2 must coincide in a neighborhood of pq. Using the fact that S is connected 
we easily contradict Si 7^ S 2 . 

In case (ii), we reason again by contradiction and assume that h > r is 
false. Hence, again by compactness of S, there exists a point p\ E S where 
h attains its minimum, that is 

rmn/i = h(pi) = T\. 

Hence 

r > n 

and we choose Si = ¥ T1 and S2 = S. Again Si 7^ S2, Si and S2 are tangent 
at the common point po and Si remains above S2 with respect to the normal 
7/0 = —T. Furthermore 

H* 2 =H k > sup U k > H k (n) = H^. 

(— 00, t] 

Because of the assumptions on S2 = S we conclude again by applying the 
tangency principle. □ 

With a different approach and slightly different assumptions we now prove 
the following 

Proposition 5. Let f : S — > R x p P n be a compact constant k-mean curva- 
ture hyper surf ace, 1 < k < n, with boundary /(9S) C P T for some r£l, 
whose angle function does not change sign. Assume that H! > and that 
%{h) 7^ 0. Then either h < r or h > r. 

Proof. Assume by contradiction that there exist points po, p\ of S satisfying 
To = h(po) = max/i > r > min/i = h(p\) = t\. 

In case 1-L{h) > let us choose the orientation so that < 0. Then, since po 
is a point of maximum for h in the interior of S, using ([2]) for each v G T po T, 
we have 

(5) 0>Hessh{ Po ){v,v) =n(T )\\v\\ 2 + O(p )(Av,v){p ) > -(Av,v)( Po ). 
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Hence po is an elliptic point and, as already observed in the introduction, 
each Lj is elliptic for any 1 < j < k — 1, H k is positive and 

Hi > Hi 12 > ■ ■ ■> H^T^ > Hl ,k > 0. 
For 1 < k < n, we consider the operator 

k-1 

£ fc _i = TrQ^-rp— H{h) k ' 1 - j @ j P j j o hess) = Tr(7Vi o hess), 
j=o ^ 

where 

3=0 ° j 

Using induction on k it is not difficult to prove (see Section 6 of [5]) that 

C k -ia(h) = c k ^p{h){U{h) k + (-l) k - l Q k H k ). 

Moreover, the previous observations imply that C k _\ is a semi-elliptic oper- 
ator and, since Q(po) = — 1 = 0(pi)> we have 

£ k - 1( j(h)( P0 ) = c k ^p(T )CH(T ) k -H k )<0 

and 

C k ^a(h)( Pl ) = c k ^ 1 p(T 1 )('H(T 1 ) k - H k ) > 0. 
Thus, since H(h) > on S, 

n(n) > Hl /k > H(t ). 

1/fc . 



Immediately, the assumption on T~L'(h) implies that H(h) = H k is constant 

on E. Therefore, by the Garding 
that > — 1, using (JH) we obtain 



on X. Therefore, by the Garding inequality H k -\ > h9° and the fact 



L k _ x a{h) = c k _ lP (h)H 1 k /k (H k _ l + eH {k 1)/k ) 

> c k ^p{h)Hl' k {H k „ x -H^' k )>Q. 

That is, L k -.\a(h) > on the compact manifold S. Therefore, by the maxi- 
mum principle applied to the elliptic operator L k -\ we conclude that a(h), 
and hence h, must attain its maximum on <9£; contradiction. 

Finally, when T~L(h) < 0, we can choose the orientation so that > and 
consider then the operator 

fc-i 

= Tr^^-l)^ 1 ^'— ^/i)^ 1 ^©-^] ohess) = Tr:{f k -i o hess), 
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where 

fc-i 

3=0 C > 

Then, similarly to what we did above, since p\ is a point of minimum for h 
in the interior of S, it holds 

< Eessh(pi)(v,v) = %(ti)|M| 2 + 0( Pl )(Av, v)( Pl ) < (Av,v)( Pl ). 

Hence p\ is an elliptic point and C k _\ is semi-elliptic. Furthermore, it is not 
difficult to prove using induction on k that 

C k ^a(h) = c k ^p{h){(-l) k - l U{h) k + Q k H k ). 

The proof then follows as in the case O < 0. □ 

In the sequel, we will focus on hypersurfaces of constant /c-mean curvature 
in pseudo-hyperbolic ambient spaces. Following the terminology introduced 
by Tashiro in [T7j, we say that a manifold is pseudo-hyperbolic if it is a 
warped product R x p P n where the warping function is a solution for some 
c < of the ordinary differential equation 

(6) p" + cp = 0. 

Thus either p(t) = cosh(-^/— ct) or p(t) = e^^. The terminology is due to 
the fact that with a suitable choice of the fiber, we obtain a representation 
of the hyperbolic space. Indeed, for more details we refer, for instance, to 
Montiel [15], the Hyperbolic space H n+1 can be viewed as a hypersphere in 
the Lorentz-Minkowski space, precisely, as a connected component of the 
hyperquadric 

{ P eR n 1 +2 \(p,p) = -l}. 

If we fix a G M™ +2 and consider the closed (see [15] for this notion) conformal 
vector field 

Tip) =a+(a,p)p, P Gi n+1 , 

depending on the causal character of a we have different foliations of HP" 1 " 1 
and hence different descriptions of it as a warped product space. Namely, if 
a is timelike, H n+1 is foliated by spheres and can be described as the warped 
product x s inht S n ; if a is lightlike the space is foliated by horospheres 
and it can be viewed as 1 x e t W 1 ; finally, if a is spacelike, the vector field 
T generates a foliation of H™ +1 by means of totally geodesic hyperbolic 
hyperplanes and it can be represented as the warped product R x cos h£ H n . 

In the rest of the paper we will restrict ourselves to the case c = —1 in 
(|6|). In case p(t) = e* the following consequence of Proposition H] is straight- 
forward. 
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Corollary 6. Let f : E — > Rx e iP n be a compact constant k-mean curvature 
hyper surf ace, 1 < k < n, with boundary C P T for some r G R. T/ien 

(z) i/ iZfc < 1 then h < r; 

(ii) if Hk > 1 a?id £/iere exists an elliptic point when k>3, then h>r. 
In particular, = 1 if and only if h = r. 

In case p(t) = coshi, arguing as in the proof of Proposition [H we prove 
the following 

Corollary 7. Let /:£—>• Rx cos hjP n be a compact constant k-mean curva- 
ture hypersurface, 1 < k < n, with boundary f(dT>) C Po a nd such that the 
angle function B does not change sign. 
00 If H k < 0, then h<0. 

(ii) If either H k > when k is odd or > 1 when k is even, then 
h>0. 

Proof. Let us prove (i) first. Assume < and suppose by contradiction 
that h < is false. Then there exists a point po £ £ where the function h 
attains its maximum and such that To = h(po) > 0. Since T-L(h) = tanh/i, it 
follows that H(to) > 0. Besides, it is clear that 

0= inf H k (t)= inf (tanht) fc < (tanhr ) fc 

[0,+oo) [0,+oo) 

and we may apply the tangency principle as in Proposition [5] to arrive to a 
contradiction. 

Similarly, in case (ii), assume by contradiction that h > is false. By 
the compactness of £ there exists a point p\ where the function h attains its 
minimum t\ = h(p±) < 0. Reasoning as above, if we prove that there exists 
an elliptic point on S, we can apply the same argument as in the proof of 
Proposition H] in order to obtain a contradiction. Concerning the existence 
of the elliptic point, since p\ is a point of minimum for h, note that using 
(|2|) and recalling that Q(p±) ± 1, we have 

< Hess/i(pi) = tanh(ri)||u|| 2 + Q(pi)(Av, v )(pi) < sgn@(Av,v)(pi). 

Hence, if O > 0, and we can always reduce ourselves to this case by changing 
orientation when k is even, the point p\ is an elliptic point. On the other 
hand, if @ < and necessarily k is odd, then 

(Av,v)(p 1 ) < 0. 

This gives a contradiction to > 0. □ 

In [3] Alias and Dajczer, using the tangency principle and exploiting 
the subharmonicity of the function a(h)Hi + p(h)Q, were able to obtain 
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the following height estimates for constant mean curvature hypersurfaces in 
pseudo-hyperbolic spaces. 

Theorem 8 (Theorem 3.9 in [3j). Let f : E -> R x c t P n be a compact 
constant mean curvature hypersurface satisfying H\ £ [0,1), with boundary 
/((?E) C P r for some r£l, whose angle function does not change sign. 
Assume that Ricp > and set C = log (H\/{H\ — 1)) . Then, 

(1) if Hi > 1 then r<h<r + C; 

(2) if Hi<0 then t + C <h<r; 

(3) i?i = 1 if and only if h = t and /(E) is contained in the slice P T . 

Theorem 9 (Theorem 3.10 in [3]). Let / : E -> R x coshi P n be a compact 
hypersurface of constant mean curvature Hi . Suppose that the boundary of 
E satisfies /(c?E) C Po and that the angle function does not change sign. 
Assume that Ricp > — 1 and set tanhC = 1/H\. Then, 

(1) if Hi > 1 then 0<h<C; 

(2) if Hi < -I then C <h<0; 

(3) i/-ffi = t/ien /i = and /(E) is contained in the slice Po- 

Using the results of the previous section we extend Theorems 3.9 and 3.10 
in [3] to constant higher order mean curvature hypersurfaces. We first need 
the following 

Proposition 10. Let f : E — > MXpP n be a compact hypersurface of constant 
k-mean curvature H^ > 1 in a pseudo-hyperbolic space with boundary <9E C 
P r , for some r£l, with r = when p(t) = cosh£. Assume that the angle 
function does not change sign and that, if k > 3, there exists an elliptic 
point on E. If 

k ¥ > sup{-p 2 n'}, 

K 

then < and the function <j> = a{h)H^J k + p(h)@ satisfies 

L k -i^>0. 

Proof. Since H^ > 1, Corollaries [6] and [7] imply that h > r. In particular, 
T~L(h) > 0. Since E n is compact, there exists a point pq € E where the height 
function attains its maximum. Then V/i(po) = 0, 0(po) = ±1 an d by ([3]) 

> Ah(p ) = nU{T ) + n0(p o )#i(R)) > n0(p o )^i(po)- 

Then 0(po) = — 1 and is non-positive since we assumed that it does not 
change sign. 
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Let us prove that L k ^i<p > 0. Since H k is constant, recalling that = pQ 
and using Equation (j4]) and {if) of Lemma [IJ we have 

i ^ 

=Hlc k ^( P '(h)H k ^ + e# fc ) - Cfe _ a iJ fc _ie]|v/j|| 
+ en'(h){p k ^vh,vh) - ©u) - (n - ^fffc+x) 
e n 

- p'(h)c k -iH k — w V]/x fc _i i ^p(7rp, < £; i ,7r P , t iV)||7r P , t £ , j A 7r P *iV|| 2 

=A + 5 + C, 

where 



n\ i-LL 
A: , 



A = -e( J (rLffiflife - (n - A:)#fc+i - feff fc fe ,. 



B = c k _ 1 p'(h)(H k _ 1 H k -H k ) 

and 

c = - ew'wdivfcfcfc-ifr^! - (p k ^vh,vh)) 
e 



Then by Garding inequalities, 



H^H* -H k = HjjiH*-! - ) > 0. 

Moreover, 

fc+i fc+i fc+i fc+i 

nHtHk-kH^ >nH k k -kH k k = {n-k)H k k , 

hence 

fc+1 

nE x R k - kH^ - (n - Ai)#fc+l > (n - *0(F fc ~ - H k+l ) > 0. 
Finally, set a := sup K {p' 2 — p" p}. Since 



f Ei Att p ,N\\ 2 = \\Vhf - (Ei,Vh) 2 , 
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taking into account that the [i k -i/s are positive, we have 

n 

y^/Xfc_i t jiirp(7rp».Ei,7np»iV)l|7np»Ej A 7r P *iV|| 2 

i=l 

n 

> a^/x A ._ li j||7rp„£ , j A7rp*iV|| 2 
i=l 

= aick^Hk^WVhf - (P k -iVh, Vh)). 



Hence, 



1 n 

jttq i ^ Vk-i,jKp('KF*Ei,irp*N)\\irp*Ei A 7rp„iV| 



i=l 

|2 



P {hf 

+ U'(h)(\\Vhfc k - 1 H k _ 1 - (P k ^Vh,Vh)) 

>(-^ + n'(h)y\\vh\\ 2 c k ^H k ^ - (p k ^vh,vh)) > o, 

where the last inequality follows from a = sup R {— p 2 H'} and from the fact 
that P k -\ is a positive definite operator. □ 

Using the previous lemma we prove the following results. 

Theorem 11. Let f : E — > lx e iP n be a compact constant k-mean curvature 
hyper surf ace, 2 < k < n, with boundary /(<9S) C P r for some r G M. and 
whose angle function Q does not change sign. Assume that Kp > and set 
C = log / {H\ — 1)) . If H k > 1 and there exists an elliptic point when 
k > 3, then t < h < r + C '. Furthermore, H k = 1 if and only if h = t. 

Proof. By Corollary [6l when H k > 1 we observe that h > r and H k = 1 if 
and only if h = t. Furthermore, the existence of the elliptic point and the 
fact that does not change sign, together with Kf > 0, imply by Proposition 
[TO] that 6 < and 

Lk-i<j> > 0, 

where <f> = e h (H^ k + 0). Since L k _\ is, in the present situation, elliptic, the 
classical maximum principle implies 

e h (H} /k - 1) < 6 < max 6 = e T (H! /k + max 9) < e T Hl /k . 
Therefore, if H k > 1 we have 

„i/k 

e h <e r *k 



rrX/h 



and the conclusion follows at once. 



□ 
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Theorem 12. Let f : S — > Mx cos htP n be a compact hypersurface of constant 
k-mean curvature > 1, 2 < k < n. Suppose that the boundary of £ 
satisfies /((?£) C Po an d that the angle function O does not change sign. 

1 Ik 

Assume that Kp > — 1 and set tanhC = ^/H k . Then < h < C . 

Proof. Since > 1 > 0, by Corollary [7] the height function h, and hence the 
function H(h), has to be non-negative. Let us denote by p$ the point where 
h attains its maximum. If O < 0, reasoning as in the Proof of Proposition [51 
that is, using the differential inequality ©, we find that there exists a point 
where all the principal curvatures are positive, indeed "H(/i(po)) > 0- If A; is 
even we can always choose the orientation on S so that < 0. On the other 
hand, if k is odd and > 0, then 

> Ressh(p )(v,v) = tanh(h(p )){v,v) + Q(p )(Av,v)(p ) > (Av,v)(p ), 

for any v ^ 0, contradicting the assumption on the sign of H^. Summarizing, 
we can assume without loss on generality that < 0. Then po is an elliptic 
point on S, ffj > and each £j-i is elliptic for any 1 < j < k. Applying 

Proposition 1 101 we obtain that the function <p = smh.hH k + cosh/iO is 
subharmonic with respect to -Lfc-i- Then, by the classical maximum principle 



l/k 

< max 6 = sinh HJ + cosh max < 0. 

9S K 9E 



On the other hand 



sinh h H} — cosh h < 



so that, from the above, 



sinh h H^J k < cosh h. 



Dividing both sides by cosh/i, we obtain 

1 



tanh h < 



„l/k> 



that is, the desired conclusion. □ 

Observe that in case P n = H n , we recover a result obtained by Rosenberg 
when S is a graph (see Theorem 6.2 in |16|). 

Corollary 13. Let f : £ — > W n+1 be a compact hypersurface of constant k- 
mean curvature > 1, 1 < k < n, with boundary f(dT,) C H n and whose 

angle function does not change sign. Then \h\ < arctanh(l/i?^ / ' fc ). 
Proof. Simply recall the description H n+1 = M x cos hi M n given above. □ 
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4. Geometric applications 

In [13] height estimates for compact graphs of constant mean curvature 
in three-dimensional product manifolds are used in order to obtain some 
information on the topology at infinity of properly embedded surfaces of 
constant mean curvature. The proofs of these results are essentially based 
on the use of the Alexandrov reflection principle, exploiting the fact that 
horizontal translations are isometries, as well as reflection through each P r . 
The same technique is used in [7] to study the topology at infinity of hy- 
persurfaces of constant higher order mean curvature properly embedded in 
(n+ l)-dimensional product manifolds. Unfortunately the same technique is 
not applicable to hypersurfaces in warped products spaces since the Alexan- 
drov reflection principle does not work in this context. Nevertheless, using 
the height estimates that we have found in the previous section, we are still 
able to prove topological results for non-compact hypersurfaces of constant 
mean and higher order mean curvature in pseudo-hyperbolic spaces in the 
same spirit of those described above, even relaxing the assumption of em- 
bedddedness as in [7] by replacing it with one on the angle function. 

We begin introducing the following 

Definition 14. Let £ be a hypersurface in a warped product space R x p 
P n . We say that £ lies in an upper or lower half-space if it is respectively 
contained in a region o/R x p P n of the form 

[a, +oo) x P n or (-co, a] x P n , 

for some real number a. 

For what it is concerned with hypersurfaces of constant mean curvature 
in R x c t P n we prove the following 

Theorem 15. Let £ be a non-compact hypersurface (without boundary) 
of constant mean curvature Hi ^ [0, 1), properly immersed in a pseudo- 
hyperbolic space R x t P n . Suppose that the fiber ¥ n is compact and has 
Ricci curvature satisfying Ricp > and that the angle function Q does not 
change sign. Then the hypersurface can not lie in a half-space. In particular, 
£ must have at least one top and one bottom end. 

Proof. Suppose that £ lies in a half-space of the form (— oo,a] x P n , a G R. 
For any r G R, r < a, denote by £ T the hypersurface 

£ T = {{t,x) G £|t > t}. 

Observe that £ r is contained in a slab of width a — r. Moreover, as before, 
since P is compact and the immersion is proper, £ r is compact with boundary 
contained in P T . Furthermore, it satisfies the assumptions of Theorem [8] and 
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we conclude that either Hi < and h < r, giving a contradiction, or H\ > 1 
and E r is contained in a slab of width log (Hi/ (Hi — 1)), so that it must 
be a — t < log (Hi/ (Hi — 1)). Choosing r sufficiently small we violate this 
estimate, reaching a contradiction. On the other hand, if E is contained in 
a half-space of the form [a, +oo) x P n , for any r G R, r > a, denote by E T 
the hypersurface 

E r = {(t,x) G £|t < r}. 

Observe that E r is contained in a slab of width r — a. Moreover, since 
P is compact and the immersion is proper, E T is compact with boundary 
contained in P T . Furthermore, it satisfies the assumptions of Theorem [8] 
and we can conclude that E T is contained in a slab of width log (Hi /(Hi — 
1)). Choosing r sufficiently large we violate this estimate and get to a 
contradiction. Finally, if Hi > 1 we obtain a contradiction again since 
Theorem [8] implies that h>r. □ 

The previous theorem extends to hypersurfaces of constant higher order 
mean curvature as follows. 

Theorem 16. Let E be a non-compact hypersurface (without boundary) 
properly immersed in a pseudo-hyperbolic space R x c t P™ with compact fiber 
P n satisfying Kj> > 0. Assume that E has constant k-mean curvature H^ > 
1, 2 < k < n, that there exists an elliptic point if k > 3 and that the angle 
function O does not change sign. Then the hypersurface can not lie in a 
half-space. In particular, E must have at least one top and one bottom end. 

Proof. Suppose that E lies in a half-space of the form (— oo,a] x P n , a G P. 
For any r G R, r < a, denote by E T the hypersurface 

E r = {(t,x) G E 1 1 > t}. 

Observe that E T is contained in a slab of width a — r. Furthermore, since 
P is compact and the immersion is proper, E T is compact with boundary 
contained in P T . Moreover, it satisfies the assumptions of Theorem 1111 and 
we conclude that E T is contained in a slab of width log (H l k /k /(H l k /k - 1)). 
Choosing r sufficiently small we violate this estimate, and get a contra- 
diction. On the other hand, if E is contained in a half-space of the form 
[a, +oo) x P n , then for any r G P, r > a, we introduce the hypersurface E T 
defined by 

E r = {(t,x) G E 1 1 < t}. 

Thus E T is a compact hypersurface with boundary on P r and contained 
in a slab of width r — a. Theorem [11] imply then that h > t giving a 
contradiction. □ 
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Applying Proposition IU we shall now prove the following result on the 
topology at infinity of hypersurfaces of constant mean curvature in a pseudo- 
hyperbolic space R x cos ht P n . 

Theorem 17. Let J] be a non-compact hypersurface (without boundary) of 
constant mean curvature, properly immersed in a pseudo-hyperbolic space 
R Xcosht P n with compact fiber P n . 

(1) if Hi > 1, then £ cannot lie in a upper half-space, that is, £ must 
have at least a bottom end; 

(2) if Hi < —1, then £ cannot lie in a lower half-space, that is, £ must 
have at least a top end. 

Proof. Assume first that Hi > 1 and suppose by contradiction that £ lies in 
a upper half-space [a, +oo) x P n . For a fixed r > a consider the hypersurface 

£ T = {(t,x) G £ | t < r}. 

Then £ T is a compact hypersurface of constant mean curvature Hi and with 
boundary contained in the slice P T . Since 

sup Tii = sup tanhi = tanhr, 

(— oo,t] tg(— oo,r] 

it follows that Hi > 1 > tanh r and we can apply Proposition [5] to obtain 
that h> r, leading to a contradiction. 

On the other hand, if Hi < — 1, assume by contradiction that £ lies in a 
lower half-space (— oo,a] x P n . Consider the hypersurface 

S T = {(t,x) G S | t > t}. 

for a fixed r < a. Then S T is a compact hypersurface of constant mean 
curvature Hi and with boundary contained in the slice P T . Moreover 

Hi < — 1 < tanhr = inf tanht = inf Tii, 

iS[r,+oo) [t,+oo) 

and we conclude the proof as above applying Proposition HJ □ 

Finally, the previous theorem can be extended to the case of constant 
/c-mean curvature as follows: 

Theorem 18. Let I] be a non- compact hypersurface (without boundary) of 
constant positive k-mean curvature, k > 2, properly immersed in a pseudo- 
hyperbolic space R x cos h t P n with compact fiber P n . If k > 2 assume that 
there exists an elliptic point o/S. If H^ > 1 then £ cannot lie in a upper 
half-space, that is, £ must have at least a bottom end. 

Proof. Assume that £ lies in a upper half-space [a, +oo) x P n . Since H^ > 1 
and there exists an elliptic point on £, we have that each Hj is positive on 
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£ and each Lj is elliptic for any 1 < j < k — 1. For a fixed r > a consider 
the hypersurface 

S T = {(t,x) G S | t < t}. 

Then S T is a compact hypersurface of constant A;-mean curvature > 1 
and with boundary contained in the slice P T . Moreover, since 

sup Hk = sup (tanhi) fc < 1 < 

(— oo,t] te(— oo,t] 

we can apply Proposition [4] and obtain that h> t, which leads to a contra- 
diction. □ 
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